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The two-mode relative phase associated with Gaussian states plays an important role in quantum 
information processes in optical, atomic and electronic systems.  In this work, the origin and 
structure of the two-mode relative phase in pure Gaussian states is studied in terms of its 
dependences on the quadratures of the modes. This is done by constructing local canonical 
transformations to an associated two-mode squeezed state.  The results are illustrated by studying 
the time dependence of the phase under a nonlocal unitary model evolution containing 
correlations between the modes. In a more general context, this approach may allow the two-
mode phase to be studied in situations sensitive to different physical parameters within 
experimental configurations relevant to quantum information processing tasks. 
PACS numbers: 03.65.UD, 03.67.-a, 42.50.Dv 
 
I. Introduction 
      Quantum information processing using continuous quantum variables have emerged as an 
alternative to discrete-level systems [1] because Gaussian states can be readily produced from 
reliable sources [2] and controlled experimentally using accessible sets of operations such as 
beam splitters, phase shifters and squeezers [3] and efficient detection systems.  In particular, the 
two-mode squeezed vacuum state of photons has played an important role in both quantum optics 
and quantum information. The production of these states using non-linear optics by passage of 
light through down-conversion crystals or by the use of beam splitters is well known [4]. The 
entanglement of two modes of light is directly related to the two-mode squeezing.  Since quantum 
entanglement is of paramount importance in quantum information and quantum optical 
computing has recently been shown to be a viable approach towards making a quantum computer 
[5], a complete understanding of the properties of these states is important. Gaussian states have 
already been utilized in realizations of quantum key distributions [6], teleportation [7], and 
electromagnetically induced transparency [8].  Theoretically , only the squeezing strength 
determines the entanglement of formation whereas the squeezing phase plays a role in 
determining the Einstein-Podolsky-Rosen (EPR) correlations between the two modes [9].  In the 
case of one-mode squeezed states of the photon, the squeezing phase rotates the plane of 
polarization of the photons and is of importance in considerations of the standard quantum limit 
that controls the measurement of position in recent experiments [10].  
     The purpose of this paper is to develop an understanding of how the two-mode relative phase 
in pure Gaussian states depends and is controlled by the quadrature parameters of the modes.  It is 
known that any bipartite multimode pure Gaussian state can always be decomposed into products 
of two-mode squeezed states and products of oscillator grounds states by local linear canonical 
transformations [11-12].  In particular, this means that a general pure two-mode Gaussian state is 
locally equivalent to a two-mode squeezed state.   Thus the properties of the two-mode relative 
phase can be most conveniently studied by focusing on the two-mode phase of the associated 
squeezed state.    In many discussions of two-mode squeezed states, the two-mode phase is set 
equal to zero for convenience in order to simplify the expressions.  This is sometimes justified 
because some quantities of interest (e.g. entanglement) are independent of the phase.  
Furthermore, the two-mode phase can be adjusted arbitrarily using local unitary rotations and can 
thus in principle be eliminated from the problem in some cases. 
     However, the phase can not always be controlled in this way and it appears explicitly in some 
applications with the result that it reveals important information.  It is well known that various 
relative and internal phases play key roles in the operation of interferometers and gates [13].  
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Specific relative phases also appear as by-products of certain experimental situations where they 
give important information characterizing the system.  Such is the case in recent experiments 
where squeezed vacuum states were injected into an optically dense atomic medium under 
conditions of electromagnetically induced transparency [8].  In these experiments, the two-mode 
squeezed state phase between the probe light and a local oscillator influences the quadrature noise 
of the probe light and the correct value of the phase must be included in order to quantitatively 
understand the data, as can be seen by Eq.(2) and Fig.4 of Ref.[8].   The physics of this process 
resulted in a particular two-mode phase which cannot be conveniently eliminated by a rotation.  
In another context, a specific non-zero two-mode phase played a key role in determining the 
entanglement of formation of symmetric two-mode Gaussians [14].  It was found that two-mode 
squeezed states have the special property of having the smallest EPR dispersion of all symmetric 
Gaussian states with a given value of the entanglement.  This property could be exploited to 
perform the optimization over all decompositions required to find an explicit expression for the 
entanglement of formation.  Although it was not explicitly discussed [14], the particular squeezed 
states used in the derivation had a two-mode squeezing phase j=p and the result can be obtained 
only with this particular phase.  The phase of j = p is singled out because, unlike the 
entanglement, the EPR correlation for two-mode squeezed states generally depends on the phase 
[9]:  
))2sinh()cos()2((cosh2),( sssFsq jj +=   (1) 
 
so that values of pj ¹  lead to an increase in Fsq.  Here, s is the two-mode squeezing strength 
and the EPR dispersion is defined by )ˆˆ(ˆ FTrFF rº>=<  and )ˆˆ()ˆˆ(ˆ 212212 qqppF -D++D= .   
From these examples, it is seen that understanding the structure of the relative phases in Gaussian 
states is of general interest and that is the focus of this paper. 
     Section II presents an explicit local canonical transformation of a two-mode pure Gaussian to 
an associated squeezed state with two-mode phase.   This transformation is found to be 
implemented using local squeezing and rotations and solutions which generate two-mode 
squeezed states are presented.  The values of the transformation parameters which yield two-
mode squeezed states are determined.  The resulting two-mode phase and the two-mode 
squeezing strength of the associated squeezed state are calculated in terms of the original 
quadratures.  This provides a scheme to investigate the phase in processing tasks.  We illustrate 
this in Sec. III using a nonlocal unitary evolution of a pure state Gaussian which includes 
correlations between the quadratures.   The time-dependent evolution of the canonical 
transformation parameters and the resulting phase and squeezing strength of the associated 
squeezed state  are studied.  Section IV presents concluding remarks. 
 
II. Properties of the Two -Mode Pure State Phase 
     Consider two spatially separated quantum modes i=1,2 described by means of field 
quadratures [15],  the amplitude quadrature , ( ) 2/ˆˆˆ † iii aaX += , and the phase quadrature, 
( ) 2/ˆˆˆ  † iii aaiY -= , in analogy to the position, iqˆ , and momentum, ipˆ of the original EPR 
variables expressed in terms of  the destruction and creation operators of mode i,  †ˆ,ˆ ii aa , obeying 
the usual commutation rules (we use units with h =1).  The amplitude and phase quadratures, 
which determine the properties of the optical beams both as to entanglement and polarization 
correlations, are routinely measured [16-17].   We examine the general normalized two-mode 
Gaussian wave function in the representation of the amplitude quadrature or, equivalently, the 
position variables: 
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  ( ) ( ) 22exp, 21222121 qqqqNqq gba ++-=Y     (2) 
 
where pgggbbbaaa D=+=+=+= 2212121 ,,, Niii , and D
2 = a1b1 - g 1
2 > 0.  Terms 
linear in qi were not included in eq.(2) because these correspond to displacements which do not 
affect the two-mode phase.   
     For two modes, the covariance V matrix contains all the necessary information to characterize 
the state. The 4x4 correlation matrix [18-20] is written in terms of the 2x2 partitioned matrices 
representing the marginals A, B and the correlations C, CT : 
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where ii qip ¶¶-=ˆ  is the operator conjugate to iqˆ , i =1, 2 and { } 2/ˆˆˆˆˆˆ abbaba += .  In 
[9], the elements of eq.(3) have been explicitly calculated in terms of the coefficients of the 
wavefunction in eq.(2).  
      From the results of [11-12], eq.(2) is equivalent to a two-mode squeezed state by a local linear 
canonical transformation.  The corresponding elements of the correlation matrix in eq.(3) for the 
two-mode squeezed state have particularly simple forms: 
 
÷÷
ø
ö
çç
è
æ
==
10
01
2
2cosh s
BA sqsq , ÷÷
ø
ö
çç
è
æ
-
-=
jj
jj
cossin
sincos
2
2sinh s
C sq   (4) 
 
where j is the two-mode phase and s is the squeezing strength.  The wave-function for the two-
mode squeezed state is obtained by applying the two-mode squeezing operator [15],  
)ˆˆˆˆexp(ˆ 12
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†
112 aaaaS zz +-=  with )exp( jz is= , to the vacuum.  This can be expressed either in 
terms of Fock states: [ ]
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)tanh()(sec jy  or directly in terms of the 
parameters of eq.(2).  The latter is obtained by using the squeezed mode annihilation operators, 
†
1212
ˆˆˆ SaS i , to act on the vacuum, leading to differential equations for a wave function which is a 
special case of the Gaussian in eq.(2) with a=b, where: 
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and 0,)exp()(tanh ³-= sis jl , such that 122 =- ga .  Writing eq.(5) explicitly in terms of the 
two-mode squeezed state parameters, we find: 
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where ss 2sinhsin1),( 22 jj +=D .       
       In order to obtain an explicit solution for the two-mode phase associated with the pure 
Gaussian state in eq.(2), we must find a local linear canonical transformation which takes Eq.(3) 
into the form of Eq.(4).  The most general linear local canonical transformation, Sˆ , in phase 
space can be written in terms of single -mode squeezing and rotations of the creation and 
annihila tion operators: 
   †ˆ)sinh(ˆ)cosh(ˆ i
i
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i
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along with its hermitian conjugate †ˆia¢ .  This can be applied to the effective annihilation operator 
for the squeezed state ††1212 ˆ)ˆˆˆ(ˆ iii SSaSS and then solved for the transformed wavefunction.  
However, it is more direct to apply it to the correlation matrix involving the canonical coordinates 
and momenta.  If we require that the transformation bring eq.(3) into the squeezed state form, 
eq.(4), then: 
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where Si are 2x2 matrices with unit determinant, and SiT is the transposed matrix of Si in the 
phase space of the (q,p) variables: 
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Eqs.(8) and (9) will then yield equations which can be solved for the six transformation 
parameters ),,( 111 yqr and ),,( 222 yqr that will bring eq.(3) to the two-mode squeezed state 
form, eq.(4).  The general solution to eqs.(8) and (9) is quite involved but the essence of its 
structure can be understood for the important special case of symmetric Gaussians, where A=B in 
eq.(3), and we will present explicit details for this case.  In this case, the solution can be obtained 
with a symmetric transformation,  21 rrr =º , 21 qqq =º  and 021 ==yy .  
     Note that Si in eq.(9) preserves the determinants of A and C and this can be used to directly 
determine the value of the squeezing strength, s, without solving for the transformation 
parameters: 
As det22cosh =       (10a) 
Cs det22sinh =      (10b) 
 
This can be understood because Adet  represents the Heisenberg uncertainty for the marginals 
of each of the modes and the entanglement for a pure state is determined by the von Neumann 
entropy of its marginals  and is independent of the two-mode phase [9] :  
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The general two-mode pure state Gaussian given in eq.(2) has six parameters, which determine all 
the ten quantities appearing in the correlation matrix, V.  There are four invariants associated with 
V.  The entanglement is determined by detA, depending only on four of the six parameters, while 
the EPR correlation depends on all six.  Theoretical discussions often utilize a local 
transformation to standard form of V [18-20]: 
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which involves one parameter in the case of a pure state, the local invariant a2=detA , where b=a, 
c2=-c1 and a2-c12=1/4.  The entanglement does not change under local transformations and 
depends only on a.  For the special case of squeezed states, the standard form rotates the phase to 
j = p while a= cosh(2s)/2.  The method of determining the entanglement of formation based on a 
property j = p squeezed states [14] discussed in Sec. I utilized the standard form of V.   Other 
quantities such as the EPR correlation depend not only on the local invariants but also on the 
correlation terms and can thus change under local transformations.  This was seen in eq.(1) for the 
special case of squeezed states where the EPR correlation depended on the two-mode phase. 
    The two-mode phase is more subtle than s since it similarly depends not just on the local 
invariants but also on the correlations between the modes as can be seen by eq.(4).  Therefore the 
transformation parameters, q and r, must be found explicitly in order to obtain the phase.  Solving 
eqs.(8) and (9) for the symmetric situation, we find 
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This represents a particular local rotation angle q and local squeezing strength r which bring 
eq.(3) to eq.(4). These appear to depend only on the marginal A of the state, however it can also 
be seen to depend on the correlations in C since detA + detC = ¼ for a symmetric pure Gaussian 
[9].  The transformation parameters in eq.(12) can then be used to obtain an explicit expression 
for the structure of the associated two-mode phase in terms of the quadratures in eq.(3): 
 
( ) ( )
))2(cosh()2sinh(
2)2cosh(2)2cosh(
cos
2
1
2
1
2
121
2
121
pqss
psqqqspp
--
---
=j  (13) 
 
Note that cosh(2s) and sinh(2s) could be eliminated explicitly in terms of detA and detC by using 
eq.(10).  The associated two-mode phase is seen from eq.(13) to be determined by a relative 
balance between the marginal and correlation terms of the original state, eq.(3), and its associated 
two-mode squeezed state , eq.(4).  This is made explicit by defining the sums and 
differences, CCCAAA sqsq ±ºD±ºD
±± , , so that the condition for the phase in eq.(13) can 
be rewritten as: 
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or equivalently in terms of the off-diagonal elements: 
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Eq.(14) quantifies how the marginals and correlations of eqs.(3) and (4) must be balanced in 
order to define the two-mode squeezed state with phase given by eq.(13).  Note that the 
transformation in eqs.(8) and (9) could be supplemented by unitary rotations and a two-mode 
squeezed state would still result. Such a rotation by an angle f  would shift the phase in eq.(13) to 
j + 2f .  In particular, the phase could be shifted to p, resulting in a squeezed state in standard 
form.  However, eq.(13) represents the phase associated with the most direct transformation of 
eq.(3) to a squeezed state and we will use this to the define the associated two-mode phase.  This 
allows us to monitor in detail how specific physical processes manipulate and control the phase. 
Note that the elements of the correlation matrix can all be determined experimentally.  Thus the 
expressions eqs. (10), (12) and (13) are important in expressing the theoretical quantities (r,q) and 
(s,j) in terms of the measurable elements of the correlation matrix.  An example of this is given 
in the next section. 
 
III. Nonlocal Evolution Model 
     To illustrate the results of Sec.II for the structure of the associated two-mode phase, we 
consider a pure Gaussian which evolves unitarily in time and study the transformation parameters 
r(t) and q(t)  as well as the associated squeezed state parameters, s(t) and j(t).     Since the 
explicit results of eqs.(10), (12) and (13) apply to a symmetric state, we require an evolution 
which maintains the symmetry during its evolution.  In addition, it is desirable to use a unitary 
which is nonlocal in the modes so that the entanglement will also change during the evolution. 
The simplest nonlocal symmetric  unitary evolution corresponds to free center of mass motion of 
the pair of modes: ˆ U t( ) = exp- it ˆ p 1 + ˆ p 2( )
2
2( ) , where nonlocality arises from correlations 
between the modes.  As an initial state, we begin with a particular two-mode squeezed state y0 
with parameters s0 and j0 and )exp()(tanh 000 jl is-= as described by eqs. (5) and (6).   The 
time-evolved wave function is obtained by applying the mode operators transformed by both 12Sˆ  
and Uˆ , ††1212 ˆ)ˆˆˆ(ˆ USaSU i , to the vacuum state.   This leads to differential equations for the 
evolved states, 0)(ˆ)( yy tUt = , of the Gaussian form eq.2, but with explicitly time-dependent 
coefficients: 
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where b(t) =  a(t).  This is still a symmetric Gaussian, since )(ˆ tU  is symmetric between the two 
modes, but is no longer in squeezed-state form because 
1
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equal to unity for t > 0.  However, we can find an associated two-mode squeezed state at each 
time by utilizing the transformation parameters eq.(12) with the resulting squeezing strength and 
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phase of the squeezed state defined by eqs.(10) and (13) respectively.  Evaluation of eqs.(10), 
(12), and (13) for this evolution model requires finding the time dependences of the quadratures 
of the modes and these are determined by the time-dependences of the coordinates and momenta 
under )(ˆ tU , ( ) ( ) tppqtq ii ))0()0((0 21 ++= and )0()( ii ptp = (i=1,2). For example : 
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where Fsq is the EPR dispersion of the initial state given by eq.(1).  )(ˆ tU contains correlations 
between the modes and this can lead to a decrease in the marginal uncertainties of the particles 
during the evolution. This occurs for 0)2sinh()sin(/ 0000 <-=¶¶ sF jj  or sin(j0)>0, so that the 
term linear in time can become negative and 
0
22
iti
qq <  for some time interval.  This 
behavior for the case of free center of mass motion is thus determined by the rate of change of the 
initial EPR dispersion with phase, 00 / j¶¶F < 0.  The quadrature contracts during the time 
interval (0, tm) after which it expands.  The minimum depends on both phase and squeezing 
strength and occurs at sqsqm FFt /)/(2 0j¶¶-= .  This is analogous to the one-mode squeezed state 
with (p,q) correlations induced by free mass motion, ( ) ( ) tpqtq iii )0(0 += , studied by Yuen [21].  
This allowed contractive behavior below the standard quantum limit with consequences to 
precision measurements of position [10].  The evolution studied here has aspects which are an 
entangled two-mode analog of this. 
     The time-dependences of the other quadratures in eq.(3) are similarly calculated and used to 
calculate the transformation parameters q(t) and r(t) from eq.(12) which determine the associated 
squeezed state.  These are plotted in Fig.1 for initial squeezed states with s0=1 and j0 = p/4 , p/3, 
p/2,  2p/3, and p.  The initial value of cosq from eq.(12a) is found to be finite although both 
numerator and denominator nominally vanish: 
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Thus at t=0, the transformation in eq.(12) applies a sudden finite rotation given by eq.(17) but 
vanishing single-mode squeezing, r(0)=0, when U(t) is switched on. This rotation shifts the phase 
of the initial squeezed state to j0 + 2q(0).  The rotations required to maintain an associated 
squeezed state then gradually increase under the center-of-mass evolution and approach q =p for 
long times.   The corresponding single -mode squeezing strength r shows an initial abrupt rise 
before going through a peak with a subsequent more gradual increase. The peak is due to the 
same correlations which led to the contractive variance for 
ti
q 2  and is sensitive to the values of 
s0 and j0 for similar reasons.  For instance, the peak becomes sharper and more pronounced as s0 
increases.  Note that the peak does not occur for j0= p since 0)2sinh()sin(/ 0000 =-=¶¶ sF jj . 
This is another instance of the special properties of the j = p squeezed state which had allowed 
the entanglement of formation for symmetric Gaussians to be determined [14]. 
    The squeezing strength and phase of the associated squeezed state corresponding to these 
transformation parameters are calculated from eqs.(10) and (13) with the results shown in Fig.2.   
The evolution changes the balance between the marginal and correlation terms as depicted in 
eq.(14) and this requires that the associated phase to adjust its value according to eq.(13) as the 
system evolves.  In particular, a slow initial increase in the phase j(t) is followed by an abrupt 
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shift of the phase and a gradual decrease to zero at long times as seen in Fig.2(a).  The abrupt 
shift of j(t) occurs just as the corresponding squeezing strength s(t) goes through a minimum in 
Fig.2b.  From eq.(10), the time dependence of s(t) is explicitly calculated to be: 
 
)4/)/(1()2cosh(/2)2(cosh))(2cosh( 200
2
0000
22 jj ¶¶++¶¶+= FtsFtsts  (18)  
 
The minimum is again controlled by 
00 / j¶¶F .  The EPR dispersion is independent of time under 
the center-of-mass evolution but its value depends on the initial phase, as also indicated in Fig.2b.  
Since s(t) determines the entanglement by eq.(11), the decrease of s(t) represents a temporary 
disentangling of the two-mode state.  The corresponding evolution of entanglement is displayed 
in Fig.3.  Although the value of the entanglement is independent of the phase by eq.(11), it is seen 
that the two are correlated by the dynamics of the center-of-mass evolution where the 
disentanglement is accompanied by a rapid phase shift. The origin of this phase shift can be 
understood directly from eq.(13) in terms of the dynamics of the quadratures.  In this section, we 
illustrated this using a model correlated evolution, however  the two-mode relative phase can be 
studied for more general controlled time evolutions (e.g. quantum gates), state preparations, and 
measurements as is clear from the above presentation. 
 
V.  Summary and Conclusions  
The focus of this paper on the two-mode relative phase is due to its importance in both quantum 
optics and quantum information.  In particular, we have emphasized the subtle aspects of the 
underlying structure of the two-mode phase which determines where it manifests itself and where 
it does not.  The properties of the two-mode relative phase were found to be conveniently studied 
by focusing on the two-mode phase of an associated squeezed state.  This was accomplished by 
an explicit local canonical transformation of a two-mode pure Gaussian to an associated squeezed 
state with two-mode phase.   This transformation was found to be implemented using local 
squeezing and rotations and solutions which generate two-mode squeezed states.  The values of 
these transformation parameters which yield two-mode squeezed states were determined in terms 
of the pure state quadratures.  These results were illustrated using a nonlocal unitary evolution of 
a pure state Gaussian which includes correlations between the quadratures.   The time-dependent 
evolution of the canonical transformation parameters and the resulting phase and squeezing 
strength of the associated squeezed state were studied. In a more general context, this approach 
may allow the two-mode phase to be studied in situations sensitive to various physical parameters 
generated within experimental configurations, such as gates or interferometers, relevant to 
quantum information processing tasks [5]. 
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Figure 1. Local transform variables, (a) rotation angle q(t) and (b) single-mode 
squeezing r(t), bringing the center-of-mass evolution into associated two-mode 
squeezed states. Initial states have s0=1, j0 = p , 2p/3, p/2, p/3, p/4. 
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Figure 2.  (a) Phase, j(t), and (b) squeezing strength, s(t), of the associated 
two-mode squeezed states for the center of mass evolution.  The EPR 
correlation values from eq.(1) are also given.  Parameters are as in Fig.1. 
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Figure 3.  Entanglement of the associated two-mode squeezed states from 
eq.(11) for the center of mass evolution corresponding to Fig.2(b).  
